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On Solvable Groups and Circulant Graphs
EDWARD DOBSON†
Let ϕ be Euler’s phi function. We prove that a vertex-transitive graph 0 of order n, with gcd(n,
ϕ(n)) = 1, is isomorphic to a circulant graph of order n if and only if Aut(0) contains a transitive
solvable subgroup. As a corollary, we prove that every vertex-transitive graph 0 of order n is iso-
morphic to a circulant graph of order n if and only if for every such 0, Aut(0) contains a transitive
solvable subgroup and n = 4, 6, or gcd(n, ϕ(n)) = 1.
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In recent years, a large amount of interest has been shown in vertex-transitive graphs, that is,
graphs whose automorphism group acts transitively on the vertices of the graph. Much of this
interest has been aimed, in one form or another, at the problem of classifying vertex-transitive
graphs in terms of ‘small’ subgroups of their automorphism groups (see, for example [2, 7,
8, 11–13] for some such results). This problem, in large part, has been made accessible by
the recent classification of the finite simple groups, which allows one to find for many values
of n, all transitive groups of degree n that are primitive, but not doubly transitive. One may
thus determine those graphs whose automorphism group acts primitively on the vertex set. In
this paper we will take, in some sense, the opposite approach. Namely, we examine vertex-
transitive graphs whose automorphism group contains a transitive solvable subgroup. Before
stating the main result of this paper, we need the following two definitions.
DEFINITION 1. A graph 0 whose automorphism group contains a transitive solvable sub-
group is a solvable graph.
DEFINITION 2. Let be a set and G ≤ S be transitive. Let G act on× by g(ω1, ω2)
= (g(ω1), g(ω2)) for every g ∈ G and ω1, ω2 ∈ . We define the 2-closure of G, denoted
cl(G), to be the largest subgroup of S whose orbits on  ×  are the same as G’s. Let
O1, . . . ,Or be the orbits of G acting on  × . Define digraphs 01, . . . , 0r by V (0i ) = 
and E(0i ) = Oi . Each 0i , 1 ≤ i ≤ r , is an orbital digraph of G, and it is straightforward to
show that cl(G) = ∩ri=1Aut(0i ). Additionally, the automorphism group of a vertex-transitive
graph is 2-closed.
THEOREM 1. Let n be an integer with gcd(n, ϕ(n)) = 1. A vertex-transitive graph 0 of
order n is isomorphic to a circulant graph of order n if and only if 0 is a solvable graph.
Furthermore, if G is a transitive and solvable group, then cl(G) contains an n-cycle.
We remark that Marus˘ic˘ [7] proved an equivalent result in the case where n is the product of
two distinct primes. The reader should also note that although we are primarily interested in
graphs, the last statement of Theorem 3 implies that the result also holds for digraphs, and in
fact for any ‘binary relational structure’.
For notation and terms not defined in this paper, the reader is referred to [4]. A circulant
graph of order n is a graph whose automorphism group contains an n-cycle. The following
elementary exercise, stated here for completeness, gives information about the blocks of a
transitive solvable group.
LEMMA 1 ([5, EXERCISE 11, P. 107]). A non-trivial finite solvable group G contains a
normal abelian subgroup H 6= 1.
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DEFINITION 3. Let G be a transitive permutation group that admits a complete block sys-
tem B of m blocks of size p; p is a prime, and B is formed by the orbits of some normal
subgroup N G G. Then for each B ∈ B there exists αB ∈ N such that αB |B is a p-cycle.
Define an equivalence relation ≡ on the blocks of B by B ≡ B ′ if and only if whenever
α ∈ N and α|B is a p-cycle then α|B′ is also a p-cycle. Denote the equivalence classes of ≡
by C0, . . . ,Ca and let Ei = ∪B∈Ci B.
LEMMA 2 (DOBSON, [3]). Let G be as in Definition 3, and α ∈ N be such that |α| = p.
Then for each 0 ≤ i ≤ a there exists αi ∈ cl(G) such that αi |Ei = α|Ei and αi |E j = 1 for
every i 6= j . Furthermore, each Ei is a block of G.
REMARK 1. The statement of Lemma 2 is more general than in [3], but it is straightfoward
to show this more general version holds using the fact that the 2-closure of G is the intersection
of the automorphism groups of the orbital digraphs of G.
NOTATION 1. We will frequently use Lemma 2, and it will be convenient to have a short-
hand notation for the α′i s. We will abuse notation and refer to αi as α|Ei . The context will
make clear whether α|Ei is a permutation in Smp or SEi .
NOTATION 2. Let G be a transitive permutation group admitting a complete block system
B of k blocks of size m. Each g ∈ G may be viewed as a permutation (in Sk) of the blocks of
B, which we denote by g/B, and G/B = {g/B : g ∈ G}.
LEMMA 3. Let G be a transitive solvable group and H G G be such that H is non-trivial
and abelian. Let m be the cardinality of an orbit of H. If m is square-free, then cl(G) contains
a semiregular element x of order m such that 〈H, x〉 is abelian and 〈G, x〉 is solvable.
PROOF. Let p|m be prime, and 5p a Sylow p-subgroup of H . As H is abelian, 5p is
unique. As H G G, 5p G G, so that G admits a complete block system Bp of n/p blocks of
size p. Define pip : G → Sn/p by pip(g) = g/Bp. By Lemma 2, cl(G) contains a semiregular
element x p of order p, and clearly 〈x p,5p〉 is abelian. As H is abelian and m is square free,
x = 5p|m x p is semiregular of order m. It is then straightforward to show that 〈H, x〉 is abelian
and 〈G, x〉 is solvable. 2
Let n be a positive integer such that gcd(n, ϕ(n)) = 1. For such n, there are two group
theoretic facts that will play an important role in what follows. First, we have the well known
fact that for such n there is exactly one group of order n, namely the cyclic group of order n.
Secondly, we have the following remarkable result due to Pa´lfy, stated here in a weak form.
THEOREM 2 (PA´LFY, [10]). Let n be an integer with gcd(n, ϕ(n)) = 1. Let y ∈ Sn be an
n-cycle. Then 〈x〉 and 〈y〉 are conjugate in 〈x, y〉.
Finally, we will need the following elementary fact.
LEMMA 4. Let x be an n-cycle. Then |NSn (〈x〉)| = n · ϕ(n).
PROOF. Without loss of generality assume x(i) ≡ i + 1 (mod n). Then NSn (〈x〉) = { f ∈
Sn : f (i) = ai + b, a ∈ Z∗n, b ∈ Zn}.
THEOREM 3. Let n be an integer with gcd(n, ϕ(n)) = 1. A vertex-transitive graph 0 of
order n is isomorphic to a circulant graph of order n if and only if 0 is a solvable graph.
Furthermore, if G is a transitive and solvable group, then cl(G) contains an n-cycle.
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PROOF. If 0 is isomorphic to a circulant graph of order n, then Aut(0) contains a regular
cyclic subgroup, which is certainly solvable. Conversely, we will show that if I is a transitive
and solvable group, then cl(I ) contains an n-cycle. Let G ≤ cl(I ) be a maximal solvable tran-
sitive group such that G contains a normal abelian subgroup H whose orbits are of maximum
cardinality m. We will show that G is abelian by contradiction.
Suppose H 6= G. By Lemma 3, there exists x ∈ G such that x is semiregular of order
m and 〈x, H〉 is ablelian. Then G admits a complete block system B of k blocks of size m,
formed by the orbits of H . Define pim : G → Sk by pim(g) = g/B, and let H ′ = Ker(pim).
By Lemma 1, pim(G) contains a non-trivial normal abelian subgroup K . Let p be a prime
such that p divides the order of the orbits of K , but does not divide m. Note that G admits a
complete block system C of n/mp blocks of size mp, formed by the orbits of pi−1m (5′), where
5′ is a Sylow p-subgroup of K . Define pimp : G → Sn/mp by pimp(g) = g/C, and let 5 be a
Sylow p-subgroup of Ker(pimp). We will show that there exists G ′ ≤ G and L G G ′ such that
L has n/mp orbits of size mp, contradicting our choice of G.
Let 0/B be the graph of order n/m with V (0/B) = B and
E(0/B) = {(B, B ′) : some vertex of B is adjacent to some vertex of B ′}.
We then have that G/H ′ ≤ Aut(0/B) so that cl(G/H ′) ≤ Aut(0/B). Note that E is a com-
plete block system of cl(G/H ′) if and only if E is a complete block system of G/H ′. Thus
cl(G/H ′) admits a complete block system CB of n/mp blocks of size p induced by the block
system C of G. Define pi1 : cl(G/H ′)→ Sn/mp by pi1(g) = g/CB. Note that5/B ≤ Ker(pi1),
so we may choose a semiregular element ρ¯ ∈ Ker(pi1) such that ρ¯ is contained in the same
Sylow p-subgroup of Ker(pi1) as 5/B. Let ρ ∈ Sn such that ρ/B = ρ¯ and ρ−1xρ = x . We
now show that ρ−1 Hρ = H .
Let q|m and5q be a Sylow q-subgroup of H . We will show that ρ−15qρ = 5q , which will
establish that ρ−1 Hρ = H , as H is abelian. Note that G admits a complete block systemD of
n/q blocks of size q, formed by the orbits of 〈xm/q〉. Define pi2 : G → Sn/q by pi2(g) = g/D.
Then 5q ≤ Ker(pi2) and by Lemma 2, there exists a complete block system E of G such that
5q ≤ 〈xm/q |E : E ∈ E〉. As ρ¯ respects the blocks of G/H ′ and each E ∈ E is a union of
blocks of B, for each E ∈ E , we have that ρ−1xm/q |Eρ = xm/q |E ′ , for some E ′ ∈ E . Thus
ρ−15qρ = 5q , so that ρ−1 Hρ = H .
Let W = NSn (H) ∩ (Sn/mp o (Sp o Sm)). Clearly W admits C as a complete block system,
and by arguments in the immediately preceeding paragraph, ρ ∈ W . Define pi3 : W → Sn/mp
by pi3(g) = g/C. As gcd(n, ϕ(n)) = 1, if P is a Sylow p-subgroup of Ker(pi3) and φ ∈ P ,
then by Lemma 4 φ/B 6= 1. Let P1 be the Sylow p-subgroup of Ker(pi3) that contains ρ. We
conclude that P1 ≤ 〈ρ|C : C ∈ C〉. Let P2 be a Sylow p-subgroup of Ker(pi3) that contains
5. Then there exists δ ∈ W such that δ−1 P2δ = P1. By replacing G with δ−1Gδ, we may
assume that P2 = P1. Hence, 5 ≤ 〈ρ|C : C ∈ C〉. Finally, note that δ−1 Hδ = H , so that
x ∈ δ−1 Hδ.
Let L = {x |C , ρ|C : C ∈ C} ∩ G, and G ′ = NG(L). We will show that G ′ is transitive. It
thus suffices to show that pimp(G ′) = pimp(G). Observe that as x ∈ G and5 ≤ 〈ρ|C : C ∈ C〉,
L has n/mp orbits of size mp. Note that this will establish the result, as G ′ will have a normal
abelian subgroup whose orbits are of cardinality mp, contradicting our choice of G.
Note that L ≤ Ker(pimp) and g−1Lg ≤ Ker(pimp) for every g ∈ G. Furthermore, L|C =
〈x, ρ〉|C for every C ∈ C. Let C0 ∈ C. Then L|C0 and g−1Lg|C0 are regular cyclic sub-
groups of 〈L , g−1Lg〉|C0 , and hence by Theorem 2, are conjugate in 〈L , g−1Lg〉|C0 . Let
δ0 ∈ 〈L , g−1Lg〉 such that δ−10 g−1Lgδ0|C0 = L|C0 , and let g0 = gδ0. Then gδ0/C = g/C
as δ0 ∈ Ker(pimp). Let C1 ∈ C such that C1 6= C0. Similarly, L|C1 and g−10 Lg0|C1 are reg-
ular cyclic subgroups of 〈L , g−10 Lg0〉|C1 , and so there exists δ1 ∈ 〈L , g−10 Lg0〉 such that
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0 Lg0δ1|C1 = L|C1 . Let g1 = g0δ1. As δ1 ∈ Ker(pi1), g1/C = g/C. Furthermore, as
〈L , g−10 Lg0〉|C0 = L|C0 , we have g−11 Lg1|C0 = L|C0 and g−11 Lg1|C1 = L|C1 . Continuing
inductively, we have δ ∈ Ker(pimp) such that gδ ∈ NG(L) = G ′. Thus pimp(g) = pimp(gδ) ∈
pimp(NG(L)). 2
COROLLARY 1. Every vertex-transitive graph 0 of order n is isomorphic to a circulant
graph of order n if and only if Aut(0) contains a transitive solvable subgroup and n = 4, 6,
or gcd(n, ϕ(n)) = 1.
PROOF. If n = 4, then the automorphism group of every vertex-transitive graph of order
4 contains a Sylow 2-subgroup of S4, and hence a 4-cycle. If n = 6, there are eight vertex-
transitive graphs of order 6 [9], up to isomorphism, and it is straightforward to check that they
are all circulant. If gcd(n, ϕ(n)) = 1, then by Theorem 3, every vertex-transitive graph of
order n that contains a transitive solvable subgroup is isomorphic to a circulant graph.
Conversely, first note that if m|n and the automorphism group of some vertex-transitive
graph of order m contains a transitive solvable subgroup, but is not isomorphic to a circulant
graph of order m, then there exists a vertex-transitive graph of order n with the same property.
Let p ≥ 3 be prime. Then any Cayley graph of Zp × Zp that is not isomorphic to the wreath
product of a circulant graph of order p over a circulant graph of order p, is not isomorphic
to a circulant graph [1], but its automorphism group contains a transitive solvable subgroup.
Whence p2 6 |n. If n = 8, then it is straightforward to check that there is a Cayley graph of
Z2×Z4, for example, that is not isomorphic to a circulant graph of order 8. If q < p is prime
and q|p − 1, qp 6= 6, then there are Cayley graphs of the non-abelian group of order pq that
are not isomorphic to circulant graphs. As the non-abelian group of order pq is solvable, the
result follows. 2
Finally, we would like to point out that the above corollary has some immediate implications
for a problem of Marus˘ic˘ [6], namely the problem of determining the values of n for which
every vertex-transitive graph of order n is isomorphic to a Cayley graph of order n. The reader
is referred to [9] for recent progress on this problem.
COROLLARY 2. Let n be an integer with gcd(n, ϕ(n)) = 1. Every vertex-transitive graph
of order n is isomorphic to a Cayley graph of order n if and only if every vertex-transitive
graph of order n is solvable.
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